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By some reaction of this type, if proper protection against intramo- 
lecular rearrangement be provided, we may predict that a di-aryl sub- 
stituted hydrogen peroxide will be prepared, which in turn will dissoci- 
ate into mono-aryl oxide, ArO, the odd molecule, or free radical, of 
univalent oxygen. Such a peroxide would probably be less dissociated 
than the similarly substituted hydrazine, just as the latter is less dis- 
sociated than the corresponding ethane. 

1 Gomberg, /. Amer. Chem. Soc, 38, 770 (1916). 
2 Piccard, Liebig's Ann. Chem., 381, 347 (1911;. 

3 Schmidlin, Ber. D. Chem. Ges., 41, 2471 (1908). 

4 Lewis, J. Amer. Chem. Soc., 38, 770 (1916). 

5 Wieland and Offenbecher, Ber. D. Chem. Ges., 47, 2111 (1914); Meyer and Wieland, 
Ibid., 44, 2SS7 (1911). 

6 Chichibabin, Ibid., 40, 367 (1907). 

7 SchIenfc, Weickel and Herzenstein, Liebig's Ann. Chem., 372, 1 (1910). 

» Wieland, Ibid., 381, 200 (1911). 
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The present paper is essentially an extension of the methods and re- 
sults given by Dean H. B. Fine, On Newton's Method of Approxima- 
tion, 1 and the results there obtained need not be explained here. 

An illustration of some general notions. — As might be expected, 
Newton's Method is of very wide application and may be used, for ex- 
ample in the following three cases to find a real 'root' of the real func- 
tionelle F[x(s)] where F has the property that in a certain domain, and 
for every %{s) and x(s) + h(s) in this domain, there exist functionelles 
Ft and F 2 for which 

F[x(s)+h(s)] ^FlxW + J^FMs), r]h(r)dr 

+ fofo'iF,Us), r ly r 2 ] h {n) h (r 2 ) dn dr 2 , (A) 

(1) where %(s) is such that max s | £(s)—x(s) \ g max s | h(s) | and max s 
x{s) +h (s) — £(s) | g max, | h(s) |, if by 'max/ is meant the maxi- 
mum as ^ varies, and by a 'root' of the above equation is meant a func- 
tion x(s), such that max^ | F[x(s)] | = 0; or (2) where %(s) is such that 
VJolU (r) -x(r)] 2 dr g Vfo 1 ?* 2 (r) dr and VJVlx (r) +h(r)-i- (r)] 2 dr g 
s/Jo l h 2 (r) dr, and by a 'root' is meant a function x(s), such that 
VX 1 F[x (r)] 2 dr = 0; or (3), where £ (s) is such that Jl 1 I £(r) -x(r) | dr g 
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fo 1 \h(r)\ dr, and Jl l \x(r)+h(r) - £ (r) \ dr g fo l \h (r) \ dr and by a 
'root' is meant a function x(s) such that Jl 1 \ F[x(r)]dr = 0. 
The above equation (A) we can write symbolically in the form 

F (x + h) = F(x) + F' {x)h + lF"{^)h\ (A') 

We must regard x, h, and £ as functions whose independent variables 
range over the same interval, viz., from zero to one. Any linear trans- 
formation of x must be accompanied by the same transformation on h 
and £. We shall speak of x, h, and £ as covariant and of equal weight, 
viz., one, on the first of the two ranges that we shall consider. On the 
other hand the symbol h 2 or A(fi) h(r 2 ) is covariant with h but of weight 
two. Now h and F are not covariant, but divariant. We shall say that 
F is defined on the second range. Clearly F, F' and \ F" are covariant 
and of weight one on this second range. Similarly F' and h are contra- 
variant, for only if F' be subjected to the transformation contragredient 
to that on h, will the term F'h be left invariant. Similarly \ F" must be 
subjected to the square of the contragredient transformation. The 
whole situation may be succinctly expressed by introducing the notion 
of signature, which denotes the range and weight and whether covariant 
or contravariant. We shall say that x, h, and £ are of signature (1, 0) 
being defined on the first but not on the second range, and of weight one 
on the first, h % is of signature (2,0) being of weight two. F is of signa- 
ture (0, 1), F' of signature ( — 1, 1) being contravariant with functions 
of weight one on the first range, and covariant with functions of weight 
one on the second, \ F" is of signature ( — 2, 1). A constant we may speak 
of as of signature (0, 0) . 

The three expressions (1) max, | z(s) | , (2) V ' f^z 2 {r)dr, (3) f^ \ zif) \ dr 
we may subsume under the notation || z || for the ranges (1, 0) and 
(0, 1). If the integration be in the sense of Lebesgue, it is true that 
if z(i) =0 identically in s, then || z || = in each of the cases, but in the 
second and third cases it does not follow from || z [| = that z (s) = 
identically in s. 

We may speak of x, h, £, F, F' , | F" as vectors, this being an exten- 
sion of the familiar notion of a real vector in three dimensions. The 
symbolic expression (-4') brings in symbolic products of apparently 
different types. But if the signature be kept in mind, no ambiguity 
results, for in each case, the product of two vectors has for its signature, 
the matrical sum of the signatures of the factors. For example in 
\ F" (g)h 2 , we have ( - 2, 1) + (1 , 0) + (1 , 0) = (0, 1) as desired. The norm 
II z || of the vector z may also be readily defined for h? F' and ^ F", so 
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as to satisfy certain useful inequalities. We shall define in the three 
cases respectively; (l) || k 2 || = max^ | h (si) h (s 2 ) |, l| F' [x (s), r] || = 
max s So 1 | F [x(s), r] | dr, || \ F" [x (s), r lf rj || es max, ^ /"o 1 I 4 F" 
[x (s),r h r 2 ] | rf fl «2r,; (2) || & 2 \\^f l f l h?(n) h 2 (r 2 ) ir x dr 2 , \\ F' [x(s), r] || s 
Vfo l fo 1 F'[x(s),rYdsdr, \\ \ F" [x (s), r h r 2 ) || - V So 1 So 1 So 1 {% F» 
[x(s), n, r 2 ]} 2 ds dn dr 2 ; (3) || & 2 || = /*</ T^ 1 | h(n) h{r 2 ) \ dn dr 2 , 
II F' \x{s), r] || = fo l {max, | F [x (s), r]\}ds, | f F' [* (*), r x , rj || B 
yj, 1 {max nr2 1 | .F" [# (5), n, ^2] | } <fo. With these definitions || Si + & || 
S || Zi || + || 2 2 || and || 2i z 2 || S || 21 || || Z2 || , where Zj^' means the 
symbolic product. Furthermore we may define || a |[ for 2 of range 
(0, 0) as identical with \z\. 

The case of Newton's method for one variable and n variables has 
been discussed by Dean Fine in the paper referred to. These cases 
and the case of integration in which the ranges are continuous may be 
treated by the methods discussed in the present paper. But the condi- 
tions here used are of an abstract sort and may be used in much more 
extensive cases as will be clear to those familiar with the recent work of 
E. H. Moore, M. Fr6chet, F. Riesz, V. Volterra, etc. The scalars, or 
vectors of signature (0, 0), which in all of the classical instances are ordi- 
nary real numbers, may be taken as Hensel ^>-adic numbers or elements 
in any perjekte bewertete Kbrper of Kurschak, 2 but more generally do not 
need to constitute a field as division is not essential. To avoid repeti- 
tion the further discussion of this case will not be treated separately 
but may be regarded as included in the following sections. 

Preliminary concepts. — Starting with an arbitrarily chosen range, 
which we shall refer to by the signature (1, 0), we shall suppose that we 
may construct ranges of the signatures (0, 0), (0, 1), (1, 1), (—1, 1), 
(—2, 1), (2, 0), respectively, where the range of signature (0, 0) contains 
but one element. An explicit definition of signature will not be re- 
quired. 

By the term vector or function on a range, will be meant a correspond- 
ence from the elements of a range to a set of scalars where each element 
determines one and only one scalar. A vector of signature (0, 0) is by 
definition a scalar, and conversely. The sum and the difference of two 
scalars will be required to exist uniquely, addition being associative. 
The sum and the difference of two vectors will be the usual vector or 
matrix sum and difference, respectively, and will be required to exist 
uniquely in the cases considered. The product of two vectors will be 
required to exist uniquely in the cases considered, and to be (1) asso- 
ciative, (2) completely distributive with respect to addition — so that 
addition is proved to be commutative, (3) continuous in each factor, 
continuity being defined as below, and (4) such that the signature of 
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the range of the product is the matrix sum of the signatures of the 
ranges of the factors. 

The notation || z || will be used for the norm of z. We shall require 
only that (1) II z ||, = \\—z ||, is a uniquely defined real non-negative 
number such that z=0 implies || z ||=0, but not necessarily converse- 
ly; (2) || z x + z 2 || g || Zi || + II z 2 ||, II Zi z 2 || g II z x || ||z 2 ||, and in 
particular, if || z t \\= 0, || Zi+z 2 || = ll z 2 ||, the sum and the product 
being defined as above; (3) the signature of z being given and a positive 
number e, being given, there exists a z, such that 0< || z || < e; and (4) 
if z x , z 2 , . . . , z„, . . . be a denumerable sequence of vectors oh the 
same range, and such that II Zi || + II z 2 || + . . . + || z„ || + . . . 
converges to a finite limit, then there is at least one z on the same range 
such that given any positive number e, there exists a number m such 
that n >m implies that || z— S?z,- || < e and lim B=co || 2Tz, || = || ( z ) || . 
Such a z will be called a limit of z x + z 2 + . . . + z n + . . . , and we notice 
that for any two such limits z and z', || z—z' || =0. We shall define 
two vectors z and z' for which || z — z' || = as equivalent. It is by 
virtue of this last-named property that the vectors of a given range form 
in some sense a closed set. 

A vector b with the signature (—1, 1) will be said to be non-singular, 
if and only if there exists a unique vector b~ l , with the signature (1,-1) 
such that the equation a — bx where a is of signature (0, 1), and x is 
required to be of signature (1, 0), always has one and only one solution 
given by x — b~ l a. 

We shall extend the usual definition of continuity to the case where 
g(x) and x are of any signature as follows: — The function g(x) is con- 
tinuous in x at x' if for every assigned positive constant e, there exists 
a positive constant S, such that || x— x' || < 5 implies that || g{x) — 

*(*') IK e. 

Description of Newton's method. — In describing Newton's Method, we 
presuppose that we are given initially a function f(x), where x is of sig- 
nature (1, 0) and/(x) of signature (0, 1), and such that we may expand 
f(x+h) as follows: — 

f(x + h) =/(*) +/(*)*+* /»(£)#, (1) 

where h and £ are of signature (1, 0), h 2 of signature (2, 0),/' of signature 
(—1, 1), /" of signature (—2,1), the expansion being valid in a known 
domain. The £ is supposed to be dependent on the x and h, but such 
that simultaneously || £-x|| g || h || and || (x+h)-% || g || h ||. The 
functions /, /', and/" are all supposed to be continuous in the domain 
considered. Equation (1) may also be written, for convenience, in the 
form f(x+h) — a+bh+ch 2 . 
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Newton's Method consists in the following steps. Choose any x a in 
the domain and then select h as a solution of a +Wo = 0. Put Xi = 
#0+^0, and repeat. Thus ^,-+6^ = 0, and x i+l =x i + h i , i = 0, 1, . . . , 
where in general a { , b i; c t mean a(x f ), &(*,•), c(x { ) respectively. If lim ;= „ x t 
exists uniquely, ( = x'), and is in the domain, then x' is a root of 
/(*)=0. 

In order that Newton's Method may be applied, we note that the 
equations a { + &A , = must be solved uniquely for h h so that b(x) must 
be non-singular in the domain. We shall write || a^l =a it || b^ 1 || = 1//3,-, 
II c i II ~ Vi- Taking the norm of both members of equation (1), and 
recalling that a t +bi h t = G, we have || f(x t + h { ) || = |] c(Qh] || ^ y { || h { || "-. 
From hf = — &, rl ffj,we have 

|| k || S (l/ft)oh (2) 

Thus we may write 

«;+i ^Ti(l/i8i) 2 «- or (a,%//?i)a». 
If the sequence of approximations ^ is to yield a root *' as a limit, it is 
necessary that the sequence of values of || / || , viz., a i+1 = || f(x i+1 ) \\ = 
|| f(x { + h^ || approach zero as a limit, and hence necessary although 
not sufficient that the limit of (a,- y,-/|8;) shall not exceed unity. A re- 
finement of these considerations suggests the theorems of the follow- 
ing section. 

Justification of Newton's Method. — Theorem 1. Let x be given and 
let D be a positive number such that f(x)is expansible in the form (1) for 
every x and x+h (if either be denoted by u) in the domain || u— x || < D. 
Let f (x) be non-singular in the domain, and B be a positive number 
such that || f~ l (x) || < 1/B in the domain, and C a positive number such 
that || \ f" (x) || < C in the domain. Then Newton's Method yields a root 
x' in the domain, whenever (CD/B) ^ <p[C || f(x ) || /U 2 ] where <p (X) = 
X + X 2 + X 4 + X 8 + . . . +X 2 *+ .... 

An idea of the behavior of p(X) may be had by noting that <p(\) has 
the unit circle in the complex plane for natural boundary, so that #>(X) 
is not defined for real positive X's except when X is not greater than 
one. Obviously <p (X) increases with positive X's. Some of the numer- 
ical values of <p(X) are given by the following table. 



A 


<P(X) 


X 




<p(\) 


0. 


0. 


0.566126 




1.000000 


0.1 


0.110100 


0.6 




1.106678 


0.2 


0.241603 


0.7 




1.491062 


0.3 


0.398165 


0.8 




2.046305 


0.356497 


0.500000 


0.9 




3.017540 


0.4 


0.586255 


1. 




OD 


0.5 


0.816421 


v [l/ {k + 1) ] < 


1/k, 


k>0. 
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The proof of the above theorem is immediate. We shall use the pre- 
vious notation. From(3),a ;+1 ^(C/iS 2 ) a?, and from (2), || h { || 3s (1/B)a { . 
Hence || S " h || g S " || h || ^ (1/5) [«„ + (C/5 2 )«o + (C/^ 2 ) 3 «o + • • • 
+ (C/B*f- 1 a*+ . • . ] g (5/CM(C/B*)« ]. Thus if || So" ^ || = 
|| (x + So°A,-) — Xo || < D, we have by hypothesis x' = Xo+So" A,- as a 
vector in the domain, for which also lim ;=ro a; = 0. 

Theorem 2. If x' is a root of f(x), and || fix')- 1 \\ exists and is equal 
to 1/0' and if || ?/"(*) || g iS'/D' *» *Ae regww de/me<f &y || *-*' || g J9' 
<md *Y /(*) is expansible in the form (1) in this region, then there is no 
other nonequivalent root of f(x) in this region. 

Suppose if possible x" is another nonequivalent root in the region. 
Then f(af)=f(x r ) +'/(*') (*"-*') +£/"(«0 (*"-<) 2 and since *' and x" 
are roots of /(*), the equation/' (*') (x" -x') =f(x") -/ (*') -§/" (£') 
(x"-x'Y reduces to || *'-*' || = \\ f (x')~ l || . || [-§/" (£')] (*"-*0 2 II 
or || *"-*' || ^ (1//5') OS'/D') || *"-*' || 2 , so that since || x"-x' || * 0, 
II x" — %' || 3; D', contrary to hypothesis. 

The following theorem is a corollary of Theorems 1 and 2 where 
D' = 2D. The proof is trivial and will be omitted. 

Theorem 3. Let x be given and f(x) be expansible in the form (1) in 
the domain |[ x — x \\ < B/(2C), these being defined as in Theorem 1. If 
|| f(x ) || 2= B 2 /(3C), then Newton's Method yields a root x' in the domain 
and any root in the domain is equivalent to x'. 

Conclusion. — It may be noted that in these theorems no explicit use 
is made of h , x x and similar terms, derivable but not initially given. 
This feature and the statement of the general Theorems 1, and 2, as 
against Theorem 3, distinguish the form of these results from those of 
Dean H. B. Fine, already referred to. The steps in the proofs are in 
essential taken from the article by Dean Fine, where however the 
proofs hold only for a finite range, and are here extended to a general 
range, with a consequent notational simplification. The method here 
used of obtaining a general result by a mere reinterpretation of the case 
of one variable, offers several features of novelty and is suggested as, 
perhaps, of even more interest than the results obtained by its particu- 
lar application to the present problem. 

The present theory applies to nonlinear functionelles and integral 
equations with quadratic terms. A complete expansion in integral 
power series is not presupposed. In addition to interpretations of 
|| z || as V2 zd) and its generalizations, || z || may be interpreted as 
max M | z ( „) | or as S | Z(„) I or in various other ways for the range (1, 0), 
with obvious extensions to the other cases. We may even with Riesz 
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(Equations Lineaires) introduce an arbitrary parameter p and write 
II 2 II — V 2 | Z(£j | as an instance. 

1 H. B. Fine, these Proceedings, 2, 546 (1916). 

8 J. Kiirschak, /. Math., Berlin, 142, 211-253 (1913). 
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The metallic elements whose properties of aggregation are such that 
they have low atomic volumes, or high 'cohesion,' form a series of com- 
plex ammonia compounds whose stability seems to increase with the 
cohesion, or decrease with the atomic volume of the metallic aggre- 
gate. These complex ammonia compounds, or ammines are of peculiar 
interest because, like the hydrates, their structure has not yet been 
explained in a satisfactory way from the standpoint of ordinary valence 
theories. Werner, however, has developed a special theory of valence 
which seems to fit very well the chemical behavior of these particular 
compounds, whether or not it is in agreement with the general behavior 
of other chemical substances. 

Now perhaps the most important point to be established with re- 
spect to a series of salts such as these ammines, is the type of each salt 
with reference to its ionization in solution. When we turn to the work 
of Werner and of other investigators in this field, it is found hat no 
work has been done which determines directly the type for these salts, 
although it might be considered that their molecular conductance as 
determined by Werner, together with their chemical action, makes it 
seem probable that they belong to the types according to which he has 
classified them. 

The freezing-point method should give the most easy and certain 
method for the determination of the type of such salts as these, but it 
is just here that not only the work of other investigators, but even that 
of Werner 1 himself, does not agree with his theory. Since in this labora- 
tory there is a double combination potentiometer system specially 
designed for us by Dr. W. P. White, to give with a fifty-couple copper- 
constantan thermocouple a reading to one twenty-thousandth of a 
degree, it seemed advisable to make for the first time a series of accurate 
freezing-point measurements upon the special series of cobaltammines 
which was most used by Werner in his work. The analyses were made 
by a Haber-Zeiss water interferometer, loaned to us by the Geophysical 



